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SPACE AND SYMMETRIC NOVIKOV ALGEBRAS 
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Abstract. First, we study pseudo-Euclidean Jordan algebras obtained as dou- 
ble extensions of a quadratic vector space by a one-dimensional algebra. We 
give an isomorphic characterization of 2-step nilpotent pseudo-Euclidean Jordan 
algebras. Next, we find a Jordan-admissible condition for a Novikov algebra OT. 
Finally, we focus on the case of a symmetric Novikov algebra and study it up to 
dimension 7. 



0. Introduction 

All algebras considered in this paper are finite-dimensional algebras over C. The 
general framework for our study is the following: let q be a complex vector space 
equipped with a non-degenerate bilinear form and C : q ^ q be a linear map. 
We associate a vector space 

3 = q e t 

to the triple (q,Bq,C) where (t = span{x\,yi},Bi) is a 2-dimensional vector space 
and St : t X t — C is the bilinear form defined by 

Bt{xi,xi) =Bi{yi,yi) =0, Bi{xi,yi) = 1. 

Define a product ★ on the vector space 5 such that t is a subalgebra of 5, 

yi -kx = C{x), x\ -kx = 0, x-ky = Bt^{C{x),y)x\ 

for all x,y ^ q and such that the bilinear form = Bq +St is associative (that 
means B:^{x-ky,z) = B:^{x,y-kz), Mx^y^z G 5)- We call 5 is a double extension ofq 
by C. It can be completely characterized by the pair (Sq , C) combined with some 
properties of the 2-dimensional subalgebra t. 

A rather interesting note is that such algebras 5 can also be classified up to iso- 
metric isomorphisms (or i-isomorphisms, for short) or isomorphisms. This is suc- 
cessfully done for the case of Bq symmetric or skew-symmetric, C skew-symmetric 
(with respect to Bq) and Bt symmetric (see IIFS87II . MDPUII and MDuolOl ). In these 
cases, a double extension of q by C is a quadratic Lie algebra or a quadratic Lie 
superalgebra. Their classification is connected to the well-known classification of 
adjoint orbits in classical Lie algebras theory IICM93 1 . That is, there is a one-to-one 
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correspondence between isomorphic classes of those algebras and adjoint G-orbits 
in P^(0), where G is the isometry group of Bq and P'(0) is the projective space 
associated to the Lie algebra q of G. Therefore, it is natural to consider similar 
algebras coiTcsponding to the remaining different cases of the pair (Bq,C). 

Remaik that the above definition of a double extension is a special case of a one- 
dimensional extension in terms of the double extension notion initiated by V. Kac 
to construct quadratic solvable Lie algebras IIKac85l . This notion is generalized 
effectively for quadratic Lie algebras [IMR85II and many other non-anticomutative 
algebras (see IIBB99I . BBBII and MABIOI ) to obtain an inductive characterization 
(also called generalized double extension). Unfortunately, the classification (up to 
isomorphisms or i-isomorphisms) of the algebras obtained by the double extension 
or generalized double extension method seems very difficult, even in nilpotent or 
low dimensional case. For example, nilpotent pseudo-Euclidean Jordan algebras 
up to dimension 5 are listed completely but only classified in cases up to dimension 
3 1BB1. 

In Section 2, we apply the work of A. Baklouti and S. Benayadi in BBBH for the 
case of a one-dimensional double extension of the pair (Bq , C) to obtain pseudo- 
Euclidean (commutative) Jordan algebras (i.e. Jordan algebras endowed with a 
non-degenerate associative symmetric bilinear form). Consequently, the bilinear 
forms 6q, Bi are symmetric, C must be also symmetric (with respect to B^) and the 
product ★ is defined by: 

{x + Xxi + lJ.yi)-k{y + X'xi+ lJ.'yi) : = 

^C{y)+^'C{x)+B^{C{x),y)xi+e{{X^' + X'^)xi +^Hyi) , 

e € {0,1}, for all x,y € q, A',/^' € C. 

Since there exist only two one-dimensional Jordan algebras, one Abelian and 
one simple, then we have two types of extensions called respectively nilpotent 
double extension and diagonalizable double extension. The first result (Proposition 
12.11 Corollary I2.2[ Corollary 12.71 and Appendix) is the following: 

THEOREM 1: 

(1) If 2 is the nilpotent double extension of q by C then = 0, 2 is 3 -step 
nilpotent and t is an Abelian subalgebra ofZ- 

(2) IfZ is the diagonalizable double extension ofqbyC then 3C^ = 2C^ +C, 
5 is not solvable and t*t = i In the reduced case, y\ acts diagonalizably 
on 2 with eigenvalues 1 and 

In Propositions |23] and |2.8[ we characterize these extensions up to i-isomorphisms, 
as well as up to isomorphisms and obtain the classification result: 
THEOREM 2: 

(1) Le? 3 = q © (Cxi ®Cyi) and 3' = q ® {Cx\ ®Cy\) be nilpotent double 
extensions of q by symmetric maps C and C' respectively. Then there exists 
a Jordan algebra isomorphism A between 3 and Z' such that A{c\ © Cx\ ) = 
q © Cx\ if and only if there exist an invertible map P € End(q) and a 
nonzero A G C such that XC' = PCP^ and P*PC = C, where P* is the ad- 
joint map ofP with respect to B. In this case A i-isomorphic then P € 0(q). 
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(2) Let Z = (\® (Cxi © Cy\ ) and 5' = q © (Cxj © <Cy\ ) be diagonalizable dou- 
ble extensions of q by symmetric maps C and C respectively. Then Z and 
y are isomorphic if and only if they are i-isomorphic. In this case, C and 
C have the same spectrum. 

In Section 3, we introduce the notion of generalized double extension but with 
a restricting condition for 2-step nilpotent pseudo-Euclidean Jordan algebras. As a 
consequence, we obtain in this way the inductive characterization of those algebras 
(Proposition 13.1 II ) : 

THEOREM 3: 

Let ^ be a 2-step nilpotent pseudo-Euclidean Jordan algebra. If 2 is non-Abelian 
then it is obtained from an Abelian algebra by a sequence of generalized double 
extensions. 

To characterize (up to isomorphisms and i-isomorphisms) 2-step nilpotent pseudo- 
Euclidean Jordan algebras we need to use the concept of a T* -extension in IIBor97i 
as follows. Given a complex vector space a and a non-degenerate cyclic symmetric 
bilinear map 6 : a x a — ;> a*, define on the vector space 3 = a© a* the product 

{x + f){y + g) = e{x,y) 

then 5 is a 2-step nilpotent pseudo-Euclidean Jordan algebra and it is called a T*- 
extension of a by 6 (or a r*-extension, simply). Moreover, we have the following 
result (Proposition 13. 141) : 

THEOREM 4: 

Every reduced 2-step nilpotent pseudo-Euclidean Jordan algebra is i-isomorphic 
to some T* -extension. 

Theorem 4 allows us to consider only isomorphic classes and i-isomorphic classes 
of r*-extensions to represent all 2-step nilpotent pseudo-Euclidean Jordan alge- 
bras. An i-isomorphic and isomorphic characterization of r*-extensions is given 
by: 

THEOREMS: 

Let 2 1 and ^2 be T* -extensions of a by di and 62 respectively. Then: 

(1) there exists a Jordan algebra isomorphism between andZi if and only if 
there exist an isomorphism A\ofa and an isomorphism A2 of a* satisfying: 

A2{B^{x,y)) = d2{Ai{x)M{y))yx,y e a. 

(2) there exists a Jordan algebra i-isomorphism between Z\ and Zi if and only 
if there exists an isomorphism Ai of a 

ei{x,y) = d2{Ai{x),Ai{y)) oAi,yx,y G a. 

As a consequence, the classification of i-isomoiphic r*-extensions of a is equiv- 
alent to the classification of symmetric 3-forms on a. We detail it in the cases of 
dim(a) = 1 and 2. 

In the last Section, we study Novikov algebras. These objects appear in the study 
of the Hamiltonian condition of an operator in the formal calculus of variations 
IIGD79II and in the classification of Poisson brackets of hydrodynamic type IIBN85II . 
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A detailed classification of Novikov algebras up to dimension 3 can be found in 
HBMOIL 

An associative algebra is both Lie-admissible and Jordan-admissible. This is not 
true for Novikov algebras although they are Lie-admissible. Therefore, it is natural 
to search a condition for a Novikov algebra to become Jordan-admissible. The 
condition we give here (weaker than associativity) is the following (Proposition 

Em-. 

THEOREM 6: 

A Novikov algebra is Jordan-admissible if it satisfies the condition 

{x,x,x) =0,Va: G m. 

A corollary of Theorem 6 is that Novikov algebras are not power-associative since 
there exist Novikov algebras not Jordan-admissible. 

Next, we consider symmetric Novikov algebras. A Novikov algebra ^ is called 
symmetric if it is endowed with a non-degenerate associative symmetric bilinear 
form. In this case, 91 will be associative, its sub-adjacent Lie algebra 0(01) is a 
quadratic 2-step nilpotent Lie algebra MABIOI and the associated Jordan algebra 
3(91) is pseudo-Euclidean. Therefore, the study of quadratic 2-step nilpotent Lie 
algebras ( IIQva07ll . HDuolOII ) and pseudo-Euclidean Jordan algebras is closely re- 
lated to symmetric Novikov algebras. 

By the results in IIZC07II and MABIOII . we have that every symmetric Novikov 
algebra up to dimension 5 is commutative and a non-commutative example is given 
in the case of dimension 6. This algebra is 2-step nilpotent. In this paper, we show 
that every symmetric non-commutative Novikov algebra of dimension 6 is 2-step 
nilpotent. 

As for quadratic Lie algebras and pseudo-Euclidean Jordan algebras, we define 
the notion of a reduced symmetric Novikov algebra. Using this notion, we obtain 
(Proposition 14.291 ): 

THEOREM 7: 

Let ^be a symmetric non-commutative Novikov algebra. If^Jl is reduced then 
3 < dim(Ann(9T)) < dim{mm) < dim{m) - 3. 

In other words, we do not have OTOT = in the non-commutative case. Note 
that this may be true in the commutative case (see Example 14.131 ). As a result, we 
obtain the following result for the case of dimension 7 (Proposition 14. 321 ) : 

THEOREM 8: 

Let ^be a symmetric non-commutative Novikov algebra of dimension 7.1f^ is 
reduced then there are only two cases: 

(1) ^is 3 -step nilpotent and indecomposable. 

(2) Dl is decomposable by^ = Cx © OTe, where x —x and OTg is a symmetric 
non- commutative Novikov algebra of dimension 6. 

Finally, we give an example for 3-step nilpotent symmetric Novikov algebras of 
dimension 7. By the above theorem, it is indecomposable. 
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1. Pseudo-Euclidean Jordan algebras 

Definition 1.1. A (non-associative) algebra 5 over C is called a (commutative) 
Jordan algebra if its product is commutative and satisfies the following identity 
{Jordan identity): 

(I) {xy)x^ =x{yx^)y x,y,z G Z- 

For instance, any commutative algebra with an associative product is a Jordan 
algebra. 

Given an algebra A, the commutator [x,y] := xy — yx, V x,y € A measures the 
commutativity of A. Similarly the associator defined by 

{x,y,z) ■.= {xy)z-x{yz), V;c,y,zeA. 

measures the associativity of A. In terms of associators, the Jordan identity in a 
Jordan algebra Z becomes 

(II) {x,y,x^)=Oy x,y,z^Z. 

An algebra A is called a power-associative algebra if the subalgebra generated by 
any element ;c G A is associative (see IISch66ll for more details). A Jordan algebra is 
an example of a power-associative algebra. A power-associative algebra A is called 
trace-admissible if there exists a bilinear form T on A that satisfies: 

(1) T{x,y) = T:{y,x), 

(2) z{xy,z) = T:{x,yz), 

(3) z{e, e) ^0 for any idempotent e of A, 

(4) T{x,y) =Oif xy is nilpotent or xy = 0. 

It is a well-known result that simple (commutative) Jordan algebras are trace- 
admissible ||Alb49ll . A similar fact is proved for any non-commutative Jordan alge- 
bras of characteristic HSchSSI . Recall that non-commutative Jordan algebras are 
algebras satisfying ^ and the flexible condition {xy)x = x{yx) (a weaker condition 
than commutativity). 

A bilinear form B on a Jordan algebra Z is associative if 

B{xy,z) =B{x,yz),y x,y,zGZ- 
The following definition is quite natural: 

Definition 1.2. Let 3^ be a Jordan algebra equipped with an associative symmetric 
non-degenerate bilinear form B. We say that the pair {Z,B) is a pseudo-Euclidean 
Jordan algebra and B is an associative scalar product on 5- 

Recall that a real finite-dimensional Jordan algebra 5 with a unit element e (that 
means, xe = ex = x, Mx G Z) is called Euclidean if there exists an associative inner 
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product on ^. This is equivalent to say that the associated trace form Tr{xy) is posi- 
tive definite, where Tr{x) is the sum of eigenvalues in the spectral decomposition of 
a: S 5- To obtain a pseudo-Euclidean Jordan algebra, we replace the base field M by 
C and the inner product by a non-degenerate symmetric bilinear form (considered 
as a generalized inner product) on 5 keeping its associativity. 

Lemma 1.3. Let be a pseudo-Euclidean Jordan algebra and I be a non- 

degenerate ideal o/5, that is, the restriction B\[xi is non-degenerate. Then I-^ is 
also an ideal ofZ, = 1^1 = {0} and In = {0}. 

Proof. Let x € I^,y E 5, one has B{xy,I) = B{x,yl) = then xy G and /-'- is an 
ideal. 

If X £ such that B{x,I^) = then x € / and B{x,I) = 0. Since / is non- 
degenerate then X = 0. That implies that is non-degenerate. 
Since 5(7/^,5) = 5(7,7-^5) = then 77-^ = 7^7 = {0}. 

If X G 7 n 7^ then B{x, I) = 0. Since 7 non-degenerate, then x = 0. □ 

By the proof of above Lemma, given a non-degenerate subspace W of ^ then 
is also non-degenerate and 2 = W (B W^. In this case, we use the notation: 

Remark 1.4. A pseudo-Euclidean Jordan algebra does not necessarily have a unit 
element. However if that is the case, this unit element is certainly unique. A Jordan 
algebra with unit element is called a unital Jordan algebra. If 3 is not a unital Jordan 
algebra, we can extend 5 to a unital Jordan algebra j = © 5 by the product 

{Xe + x)i^{lJ.e + y) = XpLe + Xy + pix + xy. 

More particularly, e-ke = e, e-kx = x-ke = x and x-ky = xy. In this case, we say 5 
the unital extension of ^. 

Proposition 1.5. If{^,B) is unital then there is a decomposition: 

5 = 3i © ... ©5^, 
where i= I,.. ■ ,k are unital and indecomposable ideals. 

Proof. The assertion is obvious if 5 is indecomposable. Assume that 5 is decom- 
posable, that is, 5 = 7 © 7' with 7, I' ^ {0} proper ideals of 3 such that 7 is non- 
degenerate. By the above Lemma, 7' = 7-'- and we write ^ = I Q I'^. Assume that 
3 has the unit element e. If e € 7 then for x a nonzero element in 7^, we have 
ex = X £ . This is a contradiction. This happens similarly if e £ I^. Therefore, 
e = ei+e2 where ei G 7 and ^2 £ are nonzero vectors. For all x £ I, one has: 

x = ex = {e[+ e2)x = e\x = xe\ . 

It implies that e\ is the unit element of 7. Similarly, ^2 is also the unit element of 
7^. Since the dimension of 3 is finite then by induction, one has the result. □ 
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Example 1.6. Let us recall an example in Chapter II of IIFK94II : consider q a vector 
space over C and B : q x q — )• C a symmetric bilinear form. Define the product 
below on the vector space J = © q: 

{Xe + u){iJ.e + v) := {XjJ. + B{u,v))e + Xv + jxa, 

for all A , /I € C, M, V G q. In particular, = e, ue = eu = u and uv = B{u,v)e. This 
product makes Z a Jordan algebra. 

Now, we add the condition that B is non-degenerate and define a bilinear form 

on Z by: 

= 1, 53(e,q) =S3(q,e) =0andS3|qxq =S. 

Then B^ is associative and non-degenerate and Z becomes a pseudo-EucUdean Jor- 
dan algebra with unit element e. 

Example 1.7. Let us sUghtly change Example ll.6l by setting 

a':=Ce©q©C/. 
Define the product of Z' as follows: 

= e, ue = eu = u, ef = fe = f, uv = B(u,v)f and uf = fu = ff = 0, 

for all M,v € q. It is easy to see that Z' is the unital extension of the Jordan algebra 
^ = q © Cf, where the product on Z is defined by: 

uv = B{u,v)f, m/ = /m = 0, Vm, V € q. 

Moreover, Z' is a pseudo-Euclidean Jordan algebra with the bilinear form By de- 
fined by: 

By {?ie + u + ?i'f,ne + v + ^'f) = X^l' + X' +B{u,v). 

We will meet this algebra again in the next Section. 

Recall the definition of a representation of a Jordan algebra: 

Definition 1.8. A Jacobson representation (or simply, a representation) of a Jordan 
algebra .3 on a vector space V is a lineai^ map Z — > End(V), x 1— )• Sx satisfying for 
all x,y,z& Z, 

(1) [5„5,,] + [5,,5j + [5„5^.]=0, 

(2) SxSyS- + S-SySx + S{^xz)y = SxSyz + SyS^X + S^Sxy- 

Remark 1.9. An equivalent definition of a representation of Z can be found for 
instance in HBBl . as a necessary and sufficient condition for the vector space Z\ = 
Z(BV equipped with the product: 

{x + u){y + v) =xy + Sx{v)+Sy{u), yx,y G Z,u,v € V 

to be a Jordan algebra. In this case, Jacobson's definition is different from the usual 
definition of representation, that is, as a homomorphism from Z into the Jordan 
algebra of linear maps. 
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For X let Rj^ € End(3) be the endomorphism of 5 defined by: 

Then the Jordan identity is equivalent to [Rj(,R^2] = 0,y x G 5 where [•, •] denotes 
the Lie bracket on End (5). The linear maps 

/? : a ^ End(5) with R{x) := R^ 

and/?* :a^End(r) with R*{x){f) = f oR,,y x e eT , 
are called respectively the adjoint representation and the coadjoint representation 
of Z- It is easy to check that they are indeed representations of Z- Recall that there 
exists a natural non-degenerate bilinear from (•,•) on ^©j* defined by {x,f) := 
/(x), Vx G 5, / G Z*- For all x,y G ZJ G Z* , one has: 

/(xy) = {xyj) = (7?.(v),/) = (j,/?:^)). 

That means that R* is the adjoint map of Rx with respect to the bilinear form (•, •). 

The following proposition gives a characterization of pseudo-Euclidean Jordan 
algebras. A proof can be found in HBBl . Proposition 2.1 or ||Bor97ll . Proposition 
2.4. 

Proposition 1.10. Let Z be a Jordan algebra. Then Z is pseudo-Euclidean if, and 
only if, its adjoint representation and coadjoint representation are equivalent. 

We will need some special subspaces of an arbitrary algebra Z'- 

Definition 1.11. Let Z be an algebra. 

(1) The subspace 

{Z,Z,Z) ■■= span{(x,j,z) I x,y,z G Z] 

is the associator of Z- 

(2) The subspaces 

LAnn(;j) ■.= {xeZ\xZ = 0}, 

RAnn(5) := {;c g ^ | ^x = 0} and 

Ann(;5) ■.= {x^Z\xZ = Zx = 0} 
are respectively the left-annulator, the right-annulator and the annulator 
of Z- Certainly, if Z is commutative then these subspaces coincide. 

(3) The subspace 

N{Z) := {x G 5 I {x,y,z) = {y,x,z) = {y,z,x) = 0,yy,z G Z} 
is the nucleus of Z- 
The proof of the Proposition below is straightforward and we omit it. 

Proposition 1.12. If{Z,B) is a pseudo-Euclidean Jordan algebra then 

(1) the nucleus N{Z) coincide with the center Z{Z) of Z where Z(^) = {x G 
N{Z) I xy = yx,\ty G 5}, that is, the set of all elements x that commute and 
associate with all elements ofZ- Therefore 

N{Z) = Z(a) = {x G 5 I (x,j,z) = 0, Vj,z G z}. 
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(2) z{z)^ = {z,z,z). 

(3) (Ann(5))^ = 32. 

Just as in HDPUl where we have defined reduced quadratic Lie algebras, we can 
define here: 

Definition 1.13. A pseudo-Euclidean Jordan algebra is reduced if 

(1) a/{o}, 

(2) Ann(^) is totally isotropic, that means B{x,y) = for all x,y G Ann(:3). 
Proposition 1.14. Let 2 be non-Abelian pseudo-Euclidean Jordan algebra. Then 
5 = 3 © [, where 3 C Ann(:3) and I is reduced. 

Proof. The proof is completely similar to Proposition 6.7 in IIPU07II . Let 30 = 
Ann(5) n^^, 3 is a complementary subspace of 30 in Ann(5) and [ = 3^. If x is 
an element in 3 such that B{x,i) = then B{x,Z'^) = since Ann(5) = (5^)^- As 
a consequence, B(x,3()) = and therefore B(x, Ann(^)) = 0. That implies x G Z^- 
Hence, x = and the restriction of B to 3 is non-degenerate. Moreover, 3 is an 
ideal then by Lemma [T31 the restriction of B to [ is also a non-degenerate and that 

3n[ = {0}. 

Since Z is non-Abelian then I is non-Abelian and ^ = Z^- Moreover, 30 = Ann([) 
and the result follows. □ 

Next, we will define some extensions of a Jordan algebra and introduce the 
notion of a double extension of a pseudo-Euclidean Jordan algebra BBBL 

Definition 1.15. Let Zi and Z2 be Jordan algebras and 71:^1^ End(52) be a 
representation of ^1 on ^2- We call n an admissible representation if it satisfies the 
following conditions: 

(1) n{x^){yy')+2{n{x)y'){Tl{x)y) + {K{x)y')y^ +l{yy'){Tl{x)y) 

= ln{x){y'{n{x)y)) + n{x){y'y^) + {K{x')y')y + l{y' {n{x)y))y, 

(2) {Ti{x)y)y^ = {Ti{x)y^)y, 

(3) n{xx')y'^ + l{n{x')y){n{x)y)=Tl{x)Tl{x')y^+l{n{x')Tl{x)y)y, 

for all x,x' G Z\,y,y' G Zi- In this case, the vector space Z = Z\®Z2 with the 
product defined by: 

{x + y){x: +y) = xx + Ti:{x)y' + Ti:{x')y + yy' , \/x,x' eZ\,y,y' ^Zi 

becomes a Jordan algebra. 

Definition 1.16. Let be a pseudo-Euclidean Jordan algebra and C be an 

endomorphism of Z- We say that C is symmetric if 

B{C{x),y) =B{x,C{y))yx,y ^Z. 

Denote by Endi(5) the space of symmetric endomorphisms of Z- 

The definition below was introduced in BBBl . Theorem 3.8. 
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Definition 1.17. Let (5i ,5i ) be a pseudo-Euclidean Jordan algebra, ^2 be an arbi- 
trary Jordan algebra and TT : ^2 — > End.v(3i ) be an admissible representation. Define 
a symmetric bilinear map (p : x ^ ^2 ^y- (p{y,y'){x) = ^i{^{x)y,y'),^x G 
^2,y,y' G 5i- Consider the vector space 

endowed with the product: 

(x + y + f) (x' + y' + /') = xx' + yy' + 71(^)3;' + n{x')y + f'oR„ + fo R,, + (p {y^y') 

for all x,x' G Zi^y^y' G 2\,f,f' G Zj- Then 3 is a Jordan algebra. Moreover, define 
a bilinear form B on 3 by: 

B{x + y + f,x'+y' + f')=B,{y,y')+f{x')+f'{x),^x,x' eZ2,y,y' ^ZufJ' (^Zl- 

Then 3 is a pseudo-Euclidean Jordan algebra. The Jordan algebra (3,6) is called 
the double extension of 3i by Zi by means of n. 

Remark 1.18. If 7 is an associative bilinear form (not necessarily non-degenerate) 
on 32 then 3 is again pseudo-Euclidean thanks to the bilinear form 

By{x + y + f,x'+y' + f') = y{x,x')+B,{y,y')+f{x') + f'{x) 
for all X, x' G 32, y, / e 3i, /, / e 32- 

2. Jordanian double extension of a quadratic vector space 

Let Cc be a one-dimensional Jordan algebra. If 7^ then = Xc for some 
nonzero A G C. Replace c := jc, we obtain = c. Therefore, there exist only 
two one-dimensional Jordan algebras: one Abelian and one simple. Next, we will 
study double extensions of a quadratic vector space by these algebras. 

Let us start with (c|,Bq) a quadratic vector space, that is, Bq is a non-degenerate 
symmetric bilinear form on the vector space q. We consider (t = span{;ci ,yi },Bt) 
a 2-dimensional quadratic vector space with the bilinear form Bt defined by 

Bi{xi,xi) =Bi{yi,yi) = 0, Bi{xx,yi) = 1. 

Let C : q — ^ q be a nonzero symmetric map and consider the vector space 

3 = q0t 

equipped with a product defined by 

[x + Xxi+lxyi) {y + X'xi+lx'y\): = 

HC{y) + n'C{x) + B^{C{x),y)xi + e {{Xn' + X' n) xi + nii'yi) , 
e € {0,1}, for all x,y G q,X,lJ.,X' ,jJ.' G C. 

Proposition 2.1. Keep the notation just above. 

(1) Assume £ = 0. Then 3 is a Jordan algebra if, and only if, = 0. In this 
case, we call 3 ci nilpotent double extension of q by C. 

(2) Assume e = 1. Then 3 is a Jordan algebra if, and only if, 3C^ = 2C^ + C. 
Moreover, 3 is pseudo-Euclidean with the bilinear form B = Bq+ Sf In 
this case, we call 3 a diagonalizable double extension of q by C. 
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Proof. 

(1) Let a;, j € q, a, /i, A', /i' € C. One has 

((x + A^i +;U3;i)(3; + A'^i +li'yi)){x + Xxi +lXyif = 2liBc^{C'^{pLy + pL'x),C{x))xi 
and 

{x + Xxi+liyx){{y + X'xy + ^'3^1 ){x^Xx^^ \iyyf) = l\i^\i'C^ (x) 

+2^Ai'Sq(C(x),c2(;c))xi. 

Therefore, 3 is a Jordan algebra if and only if = 0. 

(2) The result is achieved by checking directly the equality ([I]) for Z- 

□ 

2.1. Nilpotent double extensions. 

Consider := q an Abelian algebra, Zi'-=^y\ the nilpotent one-dimensional 
Jordan algebra, 71(^1) := C and identify Z*2 with &]. Then by Definition 11.171 
5 = ^2 ©5i ©^2 is a pseudo-Euclidean Jordan algebra with a bilinear form B given 
by B := Bq +Bt- In this case, C obviously satisfies the condition = 0. 

An immediate corollary of the definition is: 

Corollary 2.2. IfZ = q © (C:ti ©Cyi) is the nilpotent double extension ofqbyC 
then 

y\x = C(x),xj = 5(C(x),3')xi ancf jiji = = 0, Vx G q. 
a consequence, = Im(C) © Cxi and Ann (Z) = ker(C) © Cxi. 

Remark 2.3. In this case, 2 is fc-step nilpotent, ^ < 3 since R'^{2) C Im(C*^) ffi Cxi. 

Definition 2.4. Let {V,B) and {V',B') be two quadratic vector spaces. An isometry 
is a bijective map A:V ^V' that satisfies 

B'(A(v),A(w)) =B(v,w), Vm,vG\/. 

The group of isometrics of V is denoted by 0(V,S) (or simply 0(y)). In the case 
{Z,B) and {Z' ,B') are pseudo-Euclidean Jordan algebras, if there exists a Jordan 
algebra isomoiphism A between Z and Z' such that it is also an isometry then we 
say Z, Z' ai"e i-isomorphic and A is an i-isomorphism. 

± 

Proposition 2.5. Let {q,B) be a quadratic vector space. Let 5 = q © (Cxi ©Cji) 

and J' = q © (Cxj © Cy\ ) fte nilpotent double extensions of q, by symmetric maps 
C and C' respectively. Then: 

(1) there exists a Jordan algebra isomorphism A between Z and Z' such that 
A(q © Cxi) = q © Cxj if and only if there exists an invertible map P € 
End(q) and a nonzero A € C such that XC' = PCP^ and P*PC = C, where 
P* is the adjoint map ofP with respect to B. 

(2) there exists a Jordan algebra i-isomorphism A between Z and Z' such that 
A(q © Cxi ) = q © Cx\ if and only if there exists a nonzero A G C such that 
C and AC are conjugate by an isometry P S 0(q). 
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Proof. 

(1) Assume A : 5 ^> ^' be an isomorphism such that A(q © Cx\) = q © Cx\. 
Since xi G Z^, then there exist x,y G 5 such that xy = x\ (by Proposition 
HD. Therefore A =A{x)A{y) G (q©Cyi)(q©Cyi) =&!. That means 
A(xi) = /x/j for some nonzero /X G C. Write A|q = P + j3 with P G 

End(q) and j3 G q*. If ;c G ker(P) then A - -^j3 (x)xi ^ = 0, so x = and 
therefore, P is invertible. For all x, j G q, one has 

piB{C{x),y)x\ =A{xy) = A{x)A{y) = B{C' {P{x)),P{y))x\. 

So we obtain P*C'P = ^C. Assume A{yi)=y + 5x\+ Xy\ , with j G q. For 
all X G q, one has 

P(C(x))+j8(C(x))x; =A(3;ix) = A(3;i)A(x) = AC'(P(x)) +B(C'(y),P(x))x; . 

Therefore, AC = PCP \ Combine with P*C'P = }XC to get P*PC = X}xC. 
Replace P by — 3— to obtain XC = PCP^ and P*PC = C. 

Conversely, define A : J ^ 5' by A(3'i) = Xy\, A{x) = P{x),\/x G q and 
A(xi) = jXj then it is easy to check A is an isomorphism. 

(2) If A : 3 — 5' is an i-isomorphic then the isomorphism P in the proof of (1) 
is also an isometry. Hence P G 0(q). Conversely, define A as in (1) then it 
is obvious that A is an i-isomorphism. 

□ 

Proposition 2.6. Let (q,B) be a quadratic vector space, 5 = q ffi (Cxi ©Cvi), 

5' = q © (Cxj © Cy\) be nilpotent double extensions of q, by symmetric maps C 
and C respectively. Assume that rank(C') > 3. Let A be an isomorphism between 
5 and 5'. Then A(q © Cxi ) = q © Cx\. 

Proof. We assume that there is x G q such that A(x) = y + j3xj + yy^, where y G 
q, j3 , 7 G C, 7 / 0. Then for all ^ G q and A G C, we have 

A (x) [q + Ax'i ) = yC'iq) + B{C' {y) , q)x\ . 

Therefore, dim(A(x)(q©Cx[)) > 3. But A is an isomorphism, hence 

A(x)(qffiCx'i) C A(xA"' (q © Cx'i)) cA(x(qffiCxi©Cji)) C A(CC(x) © Cxi). 

This is a contradiction. Hence A(q © Cxi ) = q © Cxj . □ 

2.2. Diagonalizable double extensions. 

Lemma 2.7. LetZ = q © (Cxi ®Cy\)be the diagonalizable double extension of q 
by C. Then 

yiyi = yi,yixi = x\^y\x = C{x),xy = B(C(x),y)xi and x^x = x\X\ = 0, Vx G q. 
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Note that xi ^ Ann(5). Let x e q. Then x G Ann(5) if and only if x € ker(C). 
Moreover, 5^ = Im(C) © (Cxi (BCy\). Therefore 5 is reduced if, and only if, 
ker(C) C Im(C). 

Let X € Im(C). Then there exists j G q such that x = C(3'). Since 3C^ = 2C^ +C, 
one has 3C(x) — 2C^(x) = x. Therefore, if 3 is reduced then ker(C) = {0} and C is 
invertible. That implies that 3C — 2C^ = Id and we have the following proposition: 

Proposition 2.8. Let {(\,B) be a quadratic vector space. Let 2 = q © (Cxi ©Cyi) 

and 5' = q © {Cx[ © Cy\ ) be diagonalizable double extensions of q, by invertible 
maps C and C' respectively. Then there exists a Jordan algebra isomorphism A 
between Z and Z' if and only if there exists an isometry P such that C' = PCP^. In 
this case, Z and Z' are also i-isomorphic. 

Proof. Assume Z and Z' isomorphic by A. Firstly, we will show that A (q © Cxi ) = 
q © Cx\. Indeed, if A(xi ) = 3; + jSxj + Yy\, where j G q, j8, 7 € C, then 

= A(xixi) = A(xi)A(xi) = lyCiy) + i2pY+BiC'iy),y))x[+fy[. 

Therefore, 7 = 0. Similarly, if there exists x G q such that A (x) = z + ocx\ + dy\, 
where z G q, a, 5 G C. Then 

B(C(x),x)A(xi) = A(xx) = A(x)A(x) = 25C'{y) + {2a5 +B{C'{z),z))x'i+ 5^y[. 

That implies 5=0 and A (q © Cxi ) = q © Cx\ . 

The rest of the proof follows exactly the proof of Proposition 12.51 one has 
A(xi) = /ix'j for some nonzero /i G C and there is an isomorphism P of q such 
that A|q = P + P (S)x\, where j8 G q*. Similarly as in the proof of Proposition 12.51 
one also has P*C'P = jxC, where P* is the adjoint map of P with respect to B. 
Assume A (yi) = Xy\ +y + 5xi. Since A(ji)A(3;i) =A{yi), one has A = 1 and 

therefore C' = PCP K Replace P := —^P to get P*PC = C. However, since C 

is invertible then P*P = Id. That means that P is an isometry of q. 

Conversely, defineA :-3-^5' byA(xi) =x[,A{yi) =y\ andA(x) =f(x),VxG q 
then A is an i-isomorphism. □ 

An invertible symmetric endomorphism of q satisfying 3C — 2C^ = Id is diag- 
onahzable by an orthogonal basis of eigenvectors with eigenvalues 1 and ^ (see 
Appendix). Therefore, we have the following corollary: 

Corollary 2.9. Let (q,B) be a quadratic vector space. Let 3 = q © (Cxi © Cyi) 

and 3' = q © (Cx j © Cy\ ) be diagonalizable double extensions of q, by invertible 
maps C and C' respectively. Then 2 and Z' are isomorphic if, and only if, C and C' 
have same spectrum. 

Example 2.10. Let Cx be one-dimensional Abelian algebra, ^ = Cx © (Cxi © 
Cyi) and 5' = Cx © {Cx[ © Cy[) be diagonahzable double extensions of Cx by 
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C = Id and C' = ^Id. In particulai, the product on Z and Z' are defined by: 

y\=y\,y\x = x,yixi =xi,x^ =xi; 

(Ji) =yi,yiX = -x,yixx=xx,x =2^\- 

Then Z and Z' are not isomorphic. Moreover, Z' has no unit element. 

Remark 2.11. The i-isomorphic and isomorphic notions are not coincident in gen- 
eral. For example, the Jordan algebras ^ = with e-^ = e, B{e, e) = I and Z' = Ce' 
with e'e' = e', B{e',e') = a ^ I are isomorphic but not i-isomorphic. 

3. Pseudo-Euclidean 2-step nilpotent Jordan algebras 

Quadratic 2-step nilpotent Lie algebras are characterized up to isometric iso- 
morphisms and up to isomorphisms in ||Qva07i There is a similar natural property 
in the case of pseudo-Euclidean 2-step nilpotent Jordan algebras. 

3.1. 2-step nilpotent Jordan algebras. 

Let us redefine 2-step nilpotent Jordan algebras in a more convenient way: 

Definition 3.1. An algebra Z over C with a product {x,y) i-> xy is called 2-step 
nilpotent Jordan algebra if it satisfies xy = yx and {xy)z = for all x,y,z € Z- 
Sometimes, we use 2SN- Jordan Algebra as an abbreviation. 

The method of double extension is a fundamental tool used in describing al- 
gebras that are endowed with an associative non-degenerate bihnear form. This 
method is based on two principal notions: central extension and semi-direct sum 
of two algebras. In the next part, we will recall some definitions given in Section 
3 of BBBII but with a restricting condition for pseudo-Euclidean 2-step nilpotent 
Jordan algebras. 

Proposition 3.2. Let Z be a 2SN-Jordan algebra, V be a vector space, ^ :ZxZ 
V be a bilinear map and Tl :Z ^ End(y) be a representation. Let 

z=z®v 

equipped with the following product: 

{x + u){y + v) =xy + n{x){v) + K{y){u) + (p{x,y)yx,y G 5,m,v G K 

Then Z is a 2SN -Jordan algebra if and only if for all jc, G Z: 

(1) <p is symmetric and (p{xy.,z) + 7r(z)(<p(A:,y)) = 0, 

(2) K{xy) = n{x)7i{y) =0. 

Definition 3.3. If n is the trivial representation in Proposition 13.21 the Jordan al- 
gebra Z is called the 2SN-central extension of ^ by V (by means of (p). 

Remai^k that in a 2SN-central extension Z, the annulator Ann(3^) contains the 
vector space V. 

Proposition 3.4. Let Zbea 2SN-Jordan algebra. Then Z is a 2SN-central extension 
of an Abelian algebra. 
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Proof. Set f) := 2/2^ and V := 5^. Define (p : [} x t] ^ V hy (p{p{x),p(y)) = 
xy,yx,y € 2, where p : ^ ^ t) is the canonical projection. Then t) is an Abelian 
algebra and ^ = f) © V is the 2SN-central extension of f) by means of (p. □ 

Remark 3.5. It is easy to see that if ^ is a 2SN- Jordan algebra, then the coadjoint 
representation R* of ^ satisfies the condition on 7i in Proposition 13.21 (2). For a 
trivial cp, we conclude that J ©5* is also a 2SN- Jordan algebra with respect to the 
coadjoint representation. 

Definition 3.6. Let 5 be a 2SN- Jordan algebra, V and W be two vector spaces. 
Let 71 : 5 — >^ End(y) and p : 5 ^ End(W) be representations of 5- The direct sum 
K®p:2^ End(V QW) of K and p is defined by 

{7i®p){x){v + w) = n{x){v) + p{x){w),\/x e :s,v G v,wew. 

Proposition 3.7. Let and ^2 be 2SN-Jordan algebras and 71 : — )■ End(52) be 
a linear map. Let 

Define the following product on Z: 

{x + y){x'+y') = xx' + n(x){y') + Tl{x){y) +yy yx,x' G ^i ,y,y' G Zi- 

Then Z is a 2 SN- Jordan algebra if and only if 71 satisfies: 

(1) 7r(xx') = 7r(x)7r(x') =0, 

(2) nix)iyy') = inix)iy))y'=0, 

forallx,x' eZ\,y,y' ^Zi- 

In this case, n satisfies the conditions of Definition \L15\ it is called a 2SN- 
admissible representation ofZ\ in Zi md we say that Z is the semi-direct sum of 

Ziby Z\ by means of 71. 

Proof. For allx,x',x" G Z\,y,y' ,y" G Zi, one has: 

{{x + y){x' +y')){x" +y") = 7r(x.x')(/) + 7r(x")(7r(x)(y) + 7r(x0(y) +yy') 

+ inix){y') + K{x'){y))y". 

Therefore, Z is 2-step nilpotent if, and only if, 71 (xx'), 7r(x)7r(x'), 7t{x){yy') and 
{n{x)y)y' are zero, Vx,x' G ,y,y' G Zi- □ 

Remark 3.8. 

(1) The adjoint representation of a 2SN-Jordan algebra is an 2SN-admissible 
representation. 

(2) Consider the particulai^ case of = Cc a one-dimensional algebra. If Zi 
is 2-step nilpotent then c^ = 0. Let D := 7r(c) G End(52)- The vector space 
5 = Cc ffi ^2 with the product: 

{ac + x){a'c + x') = aD{x') + a'D{x) +xx',Vx,x' G 32,«,«' G C. 

is a 2-step nilpotent if and only if D^ = 0, D{xx') = D(x)x' = 0, Vx,x' G Zi- 
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(3) Let US slightly change (2) by fixing xq G and setting the product on 
5 = Cc ©^2 as follows: 

{ac+x){a'c + x) = aD{x) + a'D{x)+xx' + aa'xQ, 

for all x,x' G Zi, o;, a' G C. Then 5 is a 2SN-Jordan algebra if, and only if: 

D^{x) = D{xx') = D{x)x' = D{xo) = xqx = 0, ^x^x G Zi- 

In this case, we say (D,xo) a 2SN -admissible pair of 32- 

Next, we see how to obtain a 2SN- Jordan algebra from a pseudo-Euclidean one. 

Proposition 3.9. Let {3,B) be a 2-step nilpotent pseudo-Euclidean Jordan algebra 
(or 2SNPE- Jordan algebra /or short), \) be another 2SN- Jordan algebra and 71 : 
f) — 7> Endi(5) be a linear map. Consider the bilinear map (p : 5 x 5 — > f)* defined 
by(p{x,y){z) =B{n{z)ix),y),\/x,y eZ,z£ t). Let 

Define the following product on Z: 

{x+y + f){x'+y' + f')=xx'+yy' + K{x){y') + K{^){y)+f'oR,+foR^ + (p{yy) 

for all x,x' G i),y,y' €Z,f,f' G t)*. Then Z is a 2SN-Jordan algebra if and only if 
K is a 2SN-admissible representation of f) in Z- Moreover, Z is pseudo-Euclidean 
with the bilinear form 

B{x + y + f,x' + y' + f')=B{y,y')+f{x')+f'{x),yx,x' G t},y,y' G ZJJ' G i)*- 

In this case, we say that Z is a 2-step nilpotent double extension (or 2SN- 
double extension) ofZbyi) by means of n. 

Proof If Z is 2-step nilpotent then the product is commutative and {{x-\-y-\- f){x' -\- 
y' + f'W'+y" + f") = for all x,x',x" G i},y,y',y" G ZJJ'J" G By a 
straightforward computation, one has that tt is a 2SN-admissible representation of 
f) in Z- 

Conversely, assume that ;r is a 2SN-admissible representation of t) in Z- First, 
we set the extension Z®^* of Zby [)* with the product: 

(y+fW+f) =yy + (piy,y'), Vj,/ g5, /,/ g r. 

Since n{z) G Ends{Z) and n{z) {yy') = 0, Vz G i),y,y' G Z, then one has (p symmetric 
and q)(yy',y") = for all y,y',y" G Z- By Definition E31 ^5 © f)* is a 2SN-central 
extension of 3 by 

Next, we consider the direct sum 7r©7?* of two representations: n and 7?* of 
() in 5© f)* (see Definition I3.6I ). By a straightforward computation, we check that 
71® R* satisfies the conditions of Proposition l3.7l then the semi-direct sum of J© 1)* 
by f) by means of 7i ®R* is 2-step nilpotent. Finally, the product defined in Z is 
exactly the product defined by the semi-direct sum in Proposition 13.71 Therefore 
we obtain the necessary and sufficient conditions. 

As a consequence of Definition I1.17[ B is an associative scalar product of Z, 
then 5 is a 2SNPE-Jordan algebra. □ 
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The notion of 2SN-double extension does not characterize all 2SNPE-Jordan 
algebras: there exist 2SNPE-Jordan algebras that can be not described in term of 
2SN-double extensions, for example, the 2SNPE- Jordan algebra ^ = Ca © CZ? with 

=b and B{a,b) = 1, zero otherwise. Therefore, we need a better characterization 
given by the Proposition below, its proof is a matter of a simple calculation. 

Proposition 3.10. Let {2,B) be a ISNPE-Jordan algebra, {D,xo) € End.v(5) 
be a 2SN-admissible pair with B{xo,xo) =Oand (t = &i ©Cji,St) be a quadratic 
vector space satisfying 

Bi{xi,xi) =Bi{yi,yi) = 0, Bi{xi,yi) = 1. 

Fix <X in C and consider the vector space 

— ± 
Z = Z®i 

equipped with the product 

y\ *3'i = -^0 + (X,x\, y\ -kx = x-kyi = D{x) + B{xq,x)xi , x-ky = xy + B{D{x) ,y)x\ 

and x\-kZ = Z'^^i = 0,V:t,j G 2- Then Z is a ISNPE-Jordan algebra with the 
bilinear form B = B + Bi. 

In this case, {Z,B) is called a generalized double extension ofZ by means of 
{D,xo,a). 

Proposition 3.11. Let {Z,B) be a ISNPE-Jordan algebra. If Z is non-Abelian 
then it is obtained from an Abelian algebra by a sequence of generalized double 
extensions. 

Proof. Assume that {Z^B) is a 2SNPE- Jordan algebra and Z is non-Abelian. By 
Proposition 11.141 Z has a reduced ideal [ that is still 2-step nilpotent. That means 
P / I, so Ann([) ^ {0}. Therefore, we can choose nonzero xy € Ann([) such that 
B{x\,x\) =0. Then there exists an isotropic element 3^1 G ^ such that S(xi, 3^1) = 1. 

LetJ = (Cxi ©Cyi) © W, where W = (&i ffiCji)^. We have that Cxx andx{ = 
Cxi © W are ideals of Z as well. 

Let x,y ^W, xy = ^{x,y) + a{x,y)xi, where jS(x,y) G W and a{x,y) G C. It 
is easy to check that W with the product W , {x,y) ^ j8(x,j) is a 2SN- 

Jordan algebra. Moreover, it is also pseudo-Euclidean with the bilinear form Bw = 

S \wxW- 

Now, we show that 5 is a generalized double extension of {W,Bw)- Indeed, let 
X G W then yix = D{x) + (p{x)x\, where D is an endomorphism of W and (p G W*. 
Since yi {yix) = yi (xy) = {yix)y = 0, Vx, j G W we get D^(x) = D{x)y = D{xy) = 
0,Vx,y G W. Moreover, B{y\x,y) = B{x,y\y) = B(ji,xy),Vx,y G W implies that 
D G End,(W) and a{x,y) = Bw{D{x),y),yx,y G W. 

Since B]y is non-degenerate and (p £W* then there exists xq such that 9 = 
Bw{xo,.). Assume that yiji = jJ-yi+yo + Xxi. Theequality B(jiji,xi) =0 implies 
/I = 0. Moreover, yo =xq since B{yix,yi) = B(x,yiyi), Vx G W. Finally, D(xo) = 
is obtained by y\ = and this is enough to conclude that 5 is a generalized double 
extension of (W,Bvv) by means of (D,xo, A). □ 
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3.2. r*-extensions of pseudo-Euclidean 2-step nilpotent. 

Given a 2SN- Jordan algebra 5 and a symmetric bilinear map 6:2x^^2* such 
that R*{z){d{x,y)) + d{xy,z) = 0, V;c, € 5, then by Proposition |3T2l ,1 ®X is also 
a 2SN-algebra. Moreover, if 6 is cyclic (that is, d{x,y){z) = d{y,z){x),yx,y,z € 5), 
then 5 is a pseudo-Euclidean Jordan algebra with the bilinear form defined by 

B{x + f,y + g) = f{y) +g{x), yx,y G G 3* • 

In a more general framework, we can define: 

Definition 3.12. Let o be a complex vector space and : a x a — )■ a* a cyclic 
symmetric bihnear map. Assume that 6 is non-degenerate, i.e. if d{x,a) = then 
X = 0. Consider the vector space ^ := a(Ba* equipped the product 

{x + f){y + g) = d{x,y) 

and the bilinear form 

B{x + f,y + g)=f{y)+g{x) 

for ai\x + f,y + g G 5- Then {d,B) is a 2SNPE- Jordan algebra and it is called the 
T* -extension of o by 0. 

Lemma 3.13. Let ^ be a T* -extension of a by 6. IfZ 7^ {0} then 2 is reduced. 

Proof. Since Q is non-degenerate, it is easy to check that Ann (5) = a* is totally 
isotropic by the above definition. □ 

Proposition 3.14. Let be a 2SNPE-Jordan algebra. IfZ is reduced then Z is 
isometrically isomorphic to some T* -extension. 

Proof. Assume 5 is a reduced 2SNPE-Jordan algebra. Then one has Ann (J) = 2^, 
so dim(5^) = J dim(5). Let Z = Ann(5) © 0, where a is a complementary subspace 
of Ann(^) in Z- Then = Z/Z^ as an Abelian algebra. Since a and Ann(5) are 
maximal totally isotropic subspaces of Z, we can identify Ann(5) to a* by the 
isomorphism (p : Ann(^) a*, (p{x){y) = B{x,y)yx G Kmi{Z),y G 0. Define B : 
a X a 0* by d{x,y) = (p{xy)yx,y G 0. 

Now, set a : 5 0© a* by a{x) = pi (x) + 9(772 W),Vx G Z, where pi : 5 a 
and P2 '■ Z ^ Ann(5) are canonical projections. Then a is isometrically isomor- 
phic. □ 

Proposition 3.15. Let Zi and Zi be two T* -extensions of a by d\ and 62 respec- 
tively. Then: 

(1) there exists a Jordan algebra isomorphism between Zi andZi if and only if 
there exist an isomorphism Aiofa and an isomorphism A2 of a* satisfying: 

A2{ei{x,y)) = d2iAi{x),Ai{y))yx,y G a. 

(2) there exists a Jordan algebra i-isomorphism between Z\ and Z2 if and only 
if there exists an isomorphism A[ofa 

di{x,y) = d2{Ai{x),Ai{y))oAi,yx,y G 0. 



Proof. 
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(1) Let A : 5i ^ ^2 be a Jordan algebra isomorphism. Since a* = Ann(5i) = 
Ann(52) is stable by A then there exist linear maps Ai : a — ?• a, A^ : a — )• a* 
and A2 : a* ^ a* such that: 

a(^+/)=Ai(^)+a;(^)+A2(/), v^+zg^i. 

Since A is an isomorphism one has A2 also isomorphic. We show that 
Ai is an isomorphism of 0. Indeed, if Ai{xo) = with some xq € a then 
A{xo) =A[{xo) and 



0=A(xo)a2 =A{xqA \^2)) =A(xoa 



That implies xo5i = and so xq G a*. That means xq = 0, i.e. Ai is an 
isomorphism of a. 

For all X and J G a, one has A(x3') = A(0i(x,3')) =A2(6i(x,j)) and 

A(x)A(3;) = (Ai(x)+A'i(x))(Ai(3;)+A;(3;)) =Ai(x)Ai(3;) = 02(Ai(x),Ai(3;)). 

Therefore, A2(0i(x,3;)) = 62(^1 (x),Ai (3;)), Vx,); € a. 

Conversely, if there exist an isomoiphism A 1 of a and an isomoiphism 
A2 of a* satisfying: 

A2(0i(x,y)) = 02(Ai(x),Ai(3;)),Vx,3; G a, 

then we defineA :5i -^^2 byA(x + /) = Ai(x) +A2(/),Vx + / G 5i- It is 
easy to see that A is a Jordan algebra isomorphism. 
(2) Assume A: ^\ ^ ^2 is a Jordan algebra i-isomoiphism then there exist Ai 
and A2 defined as in (1). Let x G 0,/ G a*, one has: 

5'(A(x),A(/)) =B(x,/) ^A2(/)(Ai(x)) =/(x). 

Hence,A2(/) =/oA-i,V/G 0*. Moreover, A2(0i(x,3;)) = d2{Ai{x),Ai{y)) 
implies that 

di{x,y)) = 02(Ai(x),Ai(3;))oAi,Vx,3; G a. 

Conversely, define A(x + /) = Ai(x) +/oAj"\Vx + / G ^1 then A is an 
i-isomorphism. 

□ 

Example 3.16. We keep the notations as above. Let j' be the T* -extension of a by 
6' = Xd,X ^0 then 5 and ^' is i-isomorphic by A : J — )■ 5' defined by 

A(x + /) = ^x + a/,Vx + feZ- 

where a G C, = X. 

For a non-degenerate cychc symmetric map 6 of a, define a tiiUnear form 

I{x,y,z) = e(x,y)z,Vx,y,z G a. 

Then / G S^{a), the space of symmetric trilineai" forms on 0. The non-degenerate 
condition of d is equivalent to || / 0, V;? G a*. 
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Conversely, let o be a complex vector space and / G S^(a) such that |^ 7^ 
for all p G a*. Define : a x a a* by d{x,y) := I{x,y,.),'ix,y G a then d is 
symmetric and non-degenerate. Moreover, since / is symmetric, then B is cyclic 
and we obtain a reduced 2SNPE- Jordan algebra rg*(a) defined by 6. Therefore, 
there is a one-to-one map from the set of all r*-extensions of a complex vector 
space a onto the subset {/ G S^(a) | ^ 7^ 0, V;? G 0*}, such elements are also called 
non-degenerate. 

Corollary 3.17. Let Z\ and be T*-extensions of a with respect to I\ and h 
non-degenerate. Then 5 and ^ are i-isomorphic if and only if there exists an iso- 
morphism A of a such that 

h{x,y,z) = l2{A{x),A{y),A{z)),yx,y,z G a. 

In particular, 2 and ^' are i-isomorphic if and only if there is a isomorphism 
'A on a* which induces the isomorphism on S^(o), also denoted by 'A such that 
'A{Ii) = I2. In this case, we say that /i and I2 ai^e equivalent. 

Example 3.18. Let a = Cc? be one-dimensional vector space then S^(a) = C(a*)^. 
By Example[3ll6l r*-extensions of a by {a*f and A (a* )^ A 7^0, are i-isomorphic 
(also, these trilinear forms are equivalent). Hence, there is only one i-isomorphic 
class of r*-extensions of 0, that is 5 = Ca © CZ^ with a^ = b and B{a,b) = 1, the 
other are zero. 

Now, let a = & © be a 2-dimensional vector space then 

S\a) = {ai{x*f + a2{x*fy* + a3X*{y*f + a4{y*)\aieC. 

It is easy to prove that every bivaiiate homogeneous polynomial of degree 3 
is reducible. Therefore, by a suitable basis choice (certainly isomorphic), a non- 
degenerate element / G S^(a) has the form / = ax*y*{bx* -\-cy*), a,b y^O. Replace 
X* := ax* with = ab to get the form I x =x*y*{x* +Xy*), A G C. 

Next, we will show that /q and , A 7^ are not equivalent. Indeed, assume the 
contrary, i.e. there is an isomorphism 'A such that 'A{Io) = I^. We can write 

'A{x*) = a\x* + b\y* , 'A{y*) = a2X* -\-b2y* , ai,a2,bi,b2 G C. 

Then 

'A(/o) = {aix* + biy*)^{a2X* + b2y*) = a]a2{x*f + {a1b2 + 2aia2bi){x*)^y* + 

{2a,b,b2 + a2b\)x*{y*f+b\b2{yn\ 

Comparing the coefficients we will get a contradiction. Therefore, /q and 7;^ , A / 
are not equivalent. 

However, two forms and where Ai , A2 7^ are equivalent by the isomor- 
phism 'A satisfying 'A{Ix^ ) = defined by: 

'A{x*) = ay*, 'A{y*) = px* 

where a,j3 G C such that = AiA|, = -j^- This implies that there are only 

two i-isomorphic classes of r*-extensions of 0. 
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Example 3.19. Let 5o = span{x,);,e,/} be a r*-extension of a 2-dimensional vec- 
tor space aby /o = {x*Yy*, withe = ;c* and / = 3^*, that means =^(3;,/) = 1, 
the other are zero. It is easy to compute the product in ^0 defined by = f,xy = e. 
Let/;t =x*y*{x* +Xy*),X ^Ow&Zx = span{x,3;,e,/} be another T* -extension of 
the 2-dimensional vector space a by 7;^ . The products on aiex^ = f,xy = e + Xf 
and yy = Xe. These two algebras ai^e neither i-isomorphic nor isomorphic. Indeed, 
if there is A : 5o — > 5a isomoiphism. Assume A(y) = aix + a2y + ttse + aA,f 
then 

= A {yy) = {a\x + a2y + a^e + a^ff- = afx^ + 2ai a2xy + a^y^ . 

We obtain (Aa| + 2aia2)e + (2Aaia2 + af)f = 0. Hence, ai = ±Xa2. Both 
cases imply ai = a2 = (a contradiction). 

We can also conclude that there are only two isomorphic classes of J* -extensions 
of a. 

4. Symmetric Novikov algebras 

Definition 4.1. An algebra over C with a bilinear product 5^1 x 91 91, {x,y) H' 
xy is called a left-symmetric algebra if it satisfies the identity: 

(III) {xy)z-x{yz) = {yx)z-y{xz^,yx,y,z G 9T. 
or in terms of associators 

{x,y,z) = {y,x,z),yx,y,z G 9T. 
It is called a Novikov algebra if in addition 

(IV) {xy)z = {xz)y 

holds for all x,y,z G 91. In this case, the commutator [x,y] := xy — yx of 91 defines 
a Lie algebra, denoted by 5(9T), which is called the sub-adjacent Lie algebra of 9T. 
It is known that 0(9T) is a solvable Lie algebra IIBur06ll . Conversely, let g be a Lie 
algebra with Lie bracket [.,.]. If there exists a bilinear product g x g g, (x,y) ^xy 
that satisfies (|llll) . (ITVl) and [x,j] = xy — jx,Vx,j G 5 then we say that g admits a 
Novikov structure. 

Example 4.2. Every 2-step nilpotent algebra 91 satisfying (xy)z = x{yz) = 0, Vx, z G 
91, is a Novikov algebra. 

For X G 91, denote by Lx and 7?^^ respectively the left and right multiplication 
operators Lx{y) = xy, Rx{y) = yx, Vy G 91. The condition (HID ) is equivalent to 
[Lx,Ly\ = L^x,y\ ^rid (HVl) is equivalent to [/?.r)^y] = 0. In the other words, the left- 
operators form a Lie algebra and the right-operators commute. 

It is easy to check two Jacobi-type identities: 

Proposition 4.3. Let '^be a Novikov algebra then for all x,y,z £ 9T.' 

[x,y]z+b'^z]x-^[z,x]y =0, 



x[y,z\+y[z,x]-^z[x,y] =0. 
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Definition 4.4. Let OX be a Novikov algebra. A bilinear form S : x 91 — ^ C is 
called associative if 

B{xy,z) = B{x,yz),yx,y,z G 
We say that 91 is a symmetric Novikov algebra if it is endowed a non-degenerate 
associative symmetric bilinear form B. 

Let (91, S) be a symmetric Novikov algebra and 5 be a subspace of 9T. Denote 
by S-^ the set {;c G 91 | B{x,S) = 0}. If B\sxs is non-degenerate (resp. degenerate) 
then we say that S is non-degenerate (resp. degenerate). 

The proof of Lemma |43] and Proposition |4.6l below is lengthy, but straight for- 
ward then we omit it. 

Lemma 4.5. Let (91, B) be a symmetric Novikov algebra and I be an ideal of^ 
then 

(1) /-L is also an ideal of ^ and 11^ = I^I = {0} 

(2) If I is non-degenerate then so is I and 91 = / © / . 

Proposition 4.6. We call the set C(9l) := {x £ ^ \ xy = yx,\/y £ 91} the center of 

9t and denote by A5(9t) = {x G 9t | {x,y,z) = 0,\/y,z G 91}. One has 

(1) If ^ is a Novikov algebra then C(9I) C A'^(9I), where N{^) is the nucleus 
of 91 defined in Definition U.I1\ (3). Moreover, if 91 is also commutative 
then N{^) = 91 = As{dV) (that means 91 is an associative algebra). 

(2) If{^,B) is a symmetric Novikov algebra then 

(i) C(9I) = [s(9l),g(9T)]^. 

(ii) A^(9I) =As{m) = (91,91,91)^. 

(iii) LAnn(9I) =/?Ann(9I) = Ann(9I) = (9191)^. 

Proposition 4.7. Let ^be a Novikov algebra then 

(1) C(9l) is a commutative subalgebra. 

(2) As{m), N{m) are ideals. 

Proof. 

(1) Let x,y G C(9I) then {xy)z = {xz)y = {zx)y = z{xy) + {z,x,y) = z{xy),yz G 
9t. Therefore, xy G C(9I) and then C(9I) is a subalgebra of 91. Certainly, 
C(9l) is commutative. 

(2) Letx G A5'(9I),3;,z,? G 91. By the equality 

{xy,z,t) = {{xy)z)t - {xy){zt) = {{xz)t)y - {x{zt))y = (,x,z,t)y = 0, 
one has xy G A5(9t). Moreover, 

{yx,z,t) = {{yx)z)t - {yx){zt) = {y{xz))t -y(,x{zt)) 
= {y,xz,t)+y{{xz)t)-y{x{zt)) =y{x,z,t)=0 
since xz G A5(9l). Therefore A5'(9l) is an ideal of 91. 
Similarly, letx G N{'^),y,z,t G 91 one has: 

{y,z,xt) = {yz){xt) -y{z{xt)) = {{yz)x)t - {yz,x,t) -y{{zx)t - {z,x,t)) 
= {{yz)x)t - (y(zx))f + {y,zx,t) = {y,z,x)t = 
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and 

{y,z,tx) = iyz){tx) -y{z{tx)) = {{yz)t)x- {yz,t,x) -y{{zt)x- {z,t,x)) 
= {{yz)x)t-y{{zpc)t) = {y,z,x)t + {y,zx,t) = 0. 
Then A'^(^) is also an ideal of 9T. 

□ 

Lemma 4.8. Let be a symmetric Novikov algebra then [Lx,Ly\ = L\^x.y\ = 

for all € Consequently, for a symmetric Novikov algebra, the Lie algebra 
formed by the left-operators is Abelian. 

Proof It follows the proof of Lemma II.5 in MABlOl Fix x,y G 01, for all z,f G 9^ 
one has 

B{[L,,Ly\{z),t) =B{x{yz) -y{xz),t) = B{{tx)y - {ty)x,z) = 0. 
Therefore, [Lv,Lv] = L[-j.,,] = 0, Vx, j G CTl. □ 

Corollary 4.9. Let {^,B) be a symmetric Novikov algebra then the sub-adjacent 
Lie algebra of with the bilinear form B becomes a quadratic 2 -step nilpo- 
tent Lie algebra. 

Proof. One has 

B{[x,y],z) =B{xy-yx,z) = B{x,yz) - B{x,zy) = B{x,[y,z]),yx,y,z em. 

Hence, 0(9T) is quadratic. By Lemma 148] and 2(iii) of Proposition 14.61 one has 
[x,y] G LAnn(ai) = Ann(ai), yx,y G m. That implies [[x,y],z\ G Ann(m)m. = 
{Qi},\/x,y G 9T, i.e. 0(01) is 2-step nilpotent. □ 

It results that the classification of quadratic 2-step nilpotent Lie algebras ( IIOva07ll . 
HDuolOD is closely related to the classification of symmetric Novikov algebras. For 
instance, by IIDPUII . every quadratic 2-step nilpotent Lie algebra of dimension < 5 
is Abelian so that every symmetric Novikov algebra of dimension < 5 is commu- 
tative. In general, in the case of dimension > 6, there exists a non-commutative 
symmetric Novikov algebra by Proposition 14. 1 1 1 below. 

Definition 4.10. Let be a Novikov algebra. We say that 01 is an anti-commutative 
Novikov algebra if 

xy = —yx,yx,y G 01. 

Proposition 4.11. Let m be a Novikov algebra. Then Ot is anti-commutative if, 
and only if, 01 is a 2-step nilpotent Lie algebra with the Lie bracket defined by 
[x,y\ :=xy,\/x,y G 01. 

Proof. Assume that 01 is a Novikov algebra such that xy = —yx,\/x,y G Ot. Since 
the commutator [x,y] =xy — yx = 2xy is a Lie bracket, so the product {x,y) i-^ xy 
is also a Lie bracket. The identity (|llll) of Definition 14.11 is equivalent to {xy)z = 
0,yx,y,z G 01. It shows that OT is a 2-step nilpotent Lie algebra. 

Conversely, if Ot is a 2-step nilpotent Lie algebra then we define the product 
xy := [x,y],\/x,y G Ot. It is obvious that the identities (|llll) and (IIVI) of Definition 
14. H are satisfied since {xy)z = 0,yx,y,z G Ot. □ 
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By the above Proposition, the study of anti-commutative Novikov algebras is 
reduced to the study of 2-step nilpotent Lie algebras. Moreover, the formula in 
this proposition also can be used to define a 2-step nilpotent symmetric Novikov 
algebra from a quadratic 2-step nilpotent Lie algebra. Recall that there exists only 
one non-Abelian quadratic 2-step nilpotent Lie algebra of dimension 6 up to iso- 
morphism HDPUI then there is only one anti-commutative symmetric Novikov al- 
gebra of dimension 6 up to isomorphism. However, there exist non-commutative 
symmetric Novikov algebras that are not 2-step nilpotent HABlOi For instance, 

let ^ = 36 © Cc, where gg is the 6-dimensional elementary quadratic Lie algebra 
HDPUII and Cc is a pseudo-Euclidean simple Jordan algebra with the bilinear form 
fif(c,c) = 1 (obviously, this algebra is a symmetric Novikov algebra and commuta- 
tive). Then CTt become a symmetric Novikov algebra with the bilinear form defined 
by B = Bg^ + Be, where Bg^ is the bilinear form on gg. We can extend this example 

for the case ^ = 005, where g is a quadratic 2-step nilpotent Lie algebra and 
^ is a symmetric Jordan-Novikov algebra defined below. However, these algebras 
are decomposable. An example in the indecomposable case of dimension 7 can be 
found in the last part of this paper. 

Proposition 4.12. Let dlbe a Novikov algebra. Assume that its product is commu- 
tative, that means xy =yxyx,y G 51. Tlien the identities and f ITVl ) of Definition 
\4.1\ are equivalent to the only condition: 

{x^y^z) = {xy)z-x{yz) = 0,Vx,3;,z G OX. 

It means that 51 is an associative algebra. Moreover, 91 is also a Jordan algebra. 
In this case, we say that is a Jordan-Novikov algebra. In addition, if 91 has 
a non-degenerate associative symmetric bilinear form, then we say that 91 is a 
symmetric Jordan-Novikov algebra. 

Proof. Assume 91 is a commutative Novikov algebra. By (1) of Proposition 14.61 
the product is also associative. Conversely, if one has the condition: 

{xy)z-x{yz) = 0,VA;,y,z G 91 

then (imi) identifies with zero and (IIVI ) is obtained by {yx)z =y{xz),'ix,y,z G 91. □ 

Example 4.13. Recall the pseudo-Euclidean Jordan algebra Z in Example 12.101 
spanned by {x,x\ ,y\ }, where the commutative product on 5 is defined by: 

y\=y\,y\x = x,yixi =xi,x^ =xi. 

It is easy to check that this product is also associative. Therefore, 5 is a symmetric 
Jordan-Novikov algebra with the bilinear form B defined B{xi,yi) = B{x,x) = 1 
and the other zero. 

Example 4.14. Pseudo-Euclidean 2-step nilpotent Jordan algebras are symmetric 
Jordan-Novikov algebras. 

Remark 4.15. 
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(1) By Lemma l48l if the symmetric Novikov algebra 9T has Ann(CR) = {0} 
then [x,y\ = xy — yx = O^x^y € It implies that 9T is commutative and 
then or is a symmetric Jordan-Novikov algebra. 

(2) If the product on OT is associative then it may not be commutative. An 
example can be found in the next part. 

(3) Let 01 be a Novikov algebra with unit element e; that is ex = xe = x, Vx G 
Then xy = {ex)y = {ey)x = yx, '^x,y G and therefore is a Jordan- 
Novikov algebra. 

(4) The algebra given in Example 14. 131 is also a Frobenius algebra, that is, a 
finite-dimensional associative algebra with unit element equipped with a 
non-degenerate associative bilinear form. 

A well-known result is that every associative algebra 5^1 is Lie-admissible and 
Jordan-admissible; that is, if {x,y) ^ xy is the product of CTt then the products 



[x,y]+ ■=xy + yx 

define respectively a Lie algebra structure and a Jordan algebra structure on 9T. 
There exist algebras satisfying each one of these properties. For example, the 
non-commutative Jordan algebras are Jordan-admissible IISch55ll or the Novikov 
algebras are Lie-admissible. However, remark that a Novikov algebra may not be 
Jordan-admissible by the following example: 

Example 4.16. Consider the 2-dimensional algebra = Ca © Cb such that ba = 
—a, zero otherwise. Then is a Novikov algebra IIBMH02I . One has [a,b\ = a 
and [fl:,Z7]_|_ = —a. For x € 9T, denote by ad^ the endomorphism of defined by 
adj^(j) = [x,y]+ = \y,x]+, "iy G DT. It is easy to see that 



Let X = Xa + lib X,}JL ^C, one has [x,x]^ = —iXpLa and therefore: 



We will give a condition for a Novikov algebra to be Jordan-admissible as fol- 
lows: 

Proposition 4.17. Let ^be a Novikov algebra satisfying 



[x,y] =xy-yx 



and 




Since [ad J, ad 



] 7^ if A , /I ^ 0, then ^ is not Jordan-admissible. 



(V) 



x,x) =0,VxGOT. 



Define on ^ the product [x,y]+ = xy -\-yxyx,y G 91 then is a Jordan algebra 
with this product. In this case, it is called the associated Jordan algebra o/^ and 
denoted by 5(91). 
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Proof. Let x, j € 91 then we can write = x^x = xx^. One has 
[[^,3']+,[^,-^]+]+ = [xy + yx,2x^]+ 
= 2(xy)x^ + 2{yx)x^ + 2x^{xy) + 2x^{yx) 
= Ix'y + l(yx)x^ + lo? [xy) + Ix^ (yx) 

and 

b> = {x.ly:?" ^l:?-y\ + 

= 2x{yx^) + 2x{x^y) + 2(3;;c^);c + 2(a;23;);c 
= 2x{yx^) + 2jc(x^j) + 2{yx)x^ + 2x^j. 
Therefore, [[;c, = [j, if and only if x^{xy) +x^{yx) = 

x{yx^) +x{x^y). Remark that we have following identities: 

x^{xy) =x^y-{x^,x,y) =x^y-{x,x^,y), 
x^{yx) = {x^y)x - {x^ ,y,x) =x^y - {y,x^,x), 
x{yx^) = {xy)x^ - {x,y,x^) =x^y-{y,x,x^), 
x{x^y) =x^y-{x,x^,y). 
It means that we have only to check the formula {y,x^ ,x) = {y,x,x^). It is clear by 
the identities (IIIIl) and ([Vl). Then we can conclude that Z{^) is a Jordan algebra. 

□ 

Corollary 4.18. If{^,B) is a symmetric Novikov algebra satisfying (O then 
is a pseudo-Euclidean Jordan algebra. 

Proof. It is obvious since S([;t,j]+,z) = B{xy+yx,z) = B{x,yz+zy) = B{x,\y,z]+), 

yx,y,ze:i{'yi). □ 

Remark 4.19. Obviously, Jordan-Novikov algebras are power-associative but in 
general this is not true for Novikov algebras. Indeed, if Novikov algebras were 
power-associative then they would satisfy (jV]). That would imply they were Jordan- 
admissible. But, that is a contradiction as shown in Example l4. 161 

Lemma 4.20. Let ^be a Novikov algebra then [x,yz]+ = [y,xz]+, \/x,y,z S 

Proof. By (III), for all x,y,z € one has {xy)z + y{xz) = x{yz) + {yx)z. Combine 
with (IV), we obtain: 

{xz)y + y{xz) = x{yz) + iyz)x. 
That means [jc,yz]+ = [^,^£2]+, Vx,j,z G 91. □ 

Proposition 4.21. Let (91, B) be a symmetric Novikov algebra then following iden- 
tities: 

(1) x[y,z] = [y,z]x = 0. Consequently, [x,yz]+ = [x,zy]+. 

(2) [x,y]^z=[x,z]+y, 

(3) [x,yz]+ = [xy,z]+ =x[y,z]+ = [x,y]+z, 

(4) x\y,z\+ = [y,z\+x. 

hold for all x,y,z £ 91. 

Proof. Let x,y,z,t be elements G 9T, 
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(1) By Proposition I4.6l and Lemma l48l Lj^^] = so one has (1). 

(2) B{[x,y\+z,t)=B{y, [x,zt]+) =B{y, [z,xt]+) =B{[z,y\+x,t). Therefore, [x,y\+z 
[z,y]+x. Since the product [.,.]+ is commutative then [3',x]+z = [3^,2] +x. 

(3) By (1) and Lemmag^Ol [x,yz]+ = [x,zy]+ = [z,xy]+ = [xy,z]+. 

Since B is associative with respect to the product in 91 and in 5(9T) then 

B{t, [xy,z] + )=B{[t,xy\^,z)=B{[t,yx\^,z)=B{[y,tx\+,z)=B{tx, [y,z] + )=B{t,x\y,z] 
It implies that [xy)Z]+ =^[3')Z]+- Similarly, 
B{[x,y]+z,t)=B{x,\y,zt]+)=B{x,[y,tz]+)=B{x, [t ,yz]+) = B{[x,yz]+,t). 

So [x,y\+z = [x,yz]+. 

(4) By (2) and (3), x^,z]+ = [x,y]+z = b,x]+z = [y,z]+x. 

□ 

Corollary 4.22. Let be a symmetric Novikov algebra then is a 

symmetric Jordan-Novikov algebra. 

Proof. We will show that [[xjj^J+jzJ^ = [x, [y,z\+\+, Vx,3;,z G 91. Indeed, By Propo- 
sition |4]2T] one has 

[[-^,3']+,^]+ = [^xy,z]+ = 2[z,xy]+ = 2[x,yz]+ = [x, [y,z]+]+. 

Hence, the product [.,.]+ are both commutative and associative. That means ^(91) 
be a Jordan-Novikov algebra. □ 

It results that for symmetric Novikov algebras the condition ([V]| is not necessary. 
Moreover, we have the much stronger fact as follows: 

Proposition 4.23. Let '^Ibe a symmetric Novikov algebra then the product on 91 is 
associative, that is x{yz) = (xy)z,Vx,j,z G 9T. 

Proof. Firstly, we need the lemma: 

Lemma 4.24. Let ^be a symmetric Novikov algebra then 9I9I C C(91). 

Proof By LemmagSl one has [x,y] =xy-yxe Ann(9I) C C{^),yx,y G 91. Also, 
by (4) of Proposition 14.2 1 1 x [v. z] + = ^jZj+x, Vx,>',z G 91, that means [x,j]+ =xy + 
yx G C(9T),Vx,3; G C(9I). Hence, xy G C(9I),Vx,3; G C(9I), i.e. 9I9I C C(91). □ 

Let x,y,z G 91. By above Lemma, one has {yz)x = x{yz). Combine with (IIVI ). 
(jx)z=x{yz). On the other hand, [x,y] G Ann(9I) implies (3'x)z = {xy)z- Therefore, 
{xy)z=x{yz). □ 

A general proof of the above Proposition can be found in MABIOII . Lemma II.4 
which holds for all symmetric left-symmetric superalgebras. 

By Corollaiy 14.91 if 91 is a symmetric Novikov algebra then g(9I) is 2-step 
nilpotent. However, 5(91) is not necessarily 2-step nilpotent, for example the one- 
dimensional Novikov algebra Cc with c^ = c and B{c,c) = 1. If 91 is a symmetric 
2-step nilpotent Novikov algebra then {xy)z = 0,Vx,y,z G 9T. So [[x,y]+,z]+ = 
0, Vx,j,z G 91. That implies 5(91) is also a 2-step nilpotent Jordan algebra. The 
converse is also true. 
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Proposition 4.25. Let ^ be a symmetric Novikov algebra. If ^(dV) is a 2-step 
nilpotent Jordan algebra then is a 2-step nilpotent Novikov algebra. 



Proof. Since (4) of Proposition 14.2 1[ if a;, e 91 then one has 

[[■^,3']+,z]+ = [^,y\+z + z[x,y\+ = 2[x,y\+z = 0. 

It means [x,j]+ =xy-\-yx ^ kmi{^). On the other hand, [x,y] = xy — yx ^ krm{^) 
then xy G Ann(9T), Vjc,)' G CR. Therefore, is 2-step nilpotent. □ 

By Proposition I4.11[ since the lowest dimension of non-Abelian quadratic 2- 
step nilpotent Lie algebras is six then examples of symmetric non-commutative 
Novikov algebras must be at least six dimensional. One of those can be found in 
IIZC07II and it is also described in term of double extension in MABIOII . We recall 
this algebra as follows: 

Example 4.26. Firstly, we define the character matrix of a Novikov algebra = 
span{ei,...,e„} by 



^kCniek ... Lk^n^k/ 

are the structure constants of 9T, i. e. e,ej = Y^kC^fk- 
Now, let be a 6-dimensional vector space spanned by {^i, ...,^6} then OTg is 
a symmetric non-commutative Novikov algebras with character matrix 



where c\j 



and the bilinear form B defined by 
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\0 
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0^ 





Obviously, in this case, OTg is a 2-step nilpotent Novikov algebra with Ann(^) = 
5^1^. Moreover, ^^Ig is indecomposable since it is non-commutative and all of sym- 
metric Novikov algebras up to dimension 5 aie commutative. 

We need the following lemma: 

Lemma 4.27. Let ^be a non-Abelian symmetric Novikov algebra then 91 = 3 © [, 
where 3 C Ann (91) and I is a reduced symmetric Novikov algebra, that means 
I ^{0} and AnnH) C 11. 
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Proof. Let 30 = Ann(*JI) n^T^, 3 is a complementary subspace of 30 in Ann(9T) 
and [ = (3)^. If ;c is an element in 3 such that B{x^i) =0 then B{x^ = since 
Ann(Crt) = As a consequence, B{x,iq) = and then B{x,Km\{^)) = 0. 

Hence, x must be in since Ann(Cri) = (9191)-'-. It shows that x = and 3 is 

non-degenerate. By Lemma 1431 I is a non-degenerate ideal and 9T = 3 © l. 

Since 9T is non-Abelian then [ / {0}. Moreover, [[ = implies 30 C li. It is 
easy to see that 30 = Ann([) and the lemma is proved. □ 

Proposition 4.28. Let ^ be a symmetric non-commutative Novikov algebras of 
dimension 6 then 91 is 2-step nilpotent. 

Proof. Let 91 = spa.n{xi,X2,XT,,zi,Z2,Z3}. By HDPUl . there exists only one non- 
Abelian quadratic 2-step nilpotent Lie algebra of dimension 6 (up to isomorphisms) 
then g(9I) = ge- We can choose the basis such that [jci,a;2] = Z3, [^2,^3] = Z\, 
[xt,,x\] = Z2 and the bilinear form B{xi,Zi) = 1, / = 1,2,3, the other are zero. 
Recall that C(9I) := {a; e 91 | .xy = yx^y € 91} then C(9I) = {a; € 9T \ [x,y\ = 

0, Vj G 91}. Therefore, C(9I) = span{zi, 22,23} and 9I9I C C(9I) by LemmaHMl 
Consequently, dim(9I9I) < 3. 

By the above lemma, if 91 is not reduced then 91 = 3 © I with 3 C Ann (91) is a 
non-degenerate ideal and 3 ^ {0}. It implies that [ is a symmetric Novikov algebra 
having dimension < 5 and then I is commutative. This is a contradiction since 91 is 
non-commutative. Therefore, 91 must be reduced and Ann (91) C 9I9I. Moreover, 
dim(9T9T) + dim(Ann(9I)) = 6 so we have 9I9I = Ann(9T) = C(9I). It shows 91 is 
2-step nilpotent. □ 

In this case, the character matrix of 91 in the basis {x\_,X2,xt,,z\,Z2,Z3,} is given 
by: 

'A 0\ 

oy' 

where A is a 3 x 3-matrix defined by the structure constants x,x; = Y^ic'^iZk, 1 < 

■' 'J 

1, j,k < 3, and B has the matrix: 

/O 1 o\ 

1 

1 

1 
1 

\o 1 oy 

Since B{xiXj,Xr) = B{xi,XjXr) = B{xj,Xi-Xi) then one has c'jj = c'j^ = c^j, 1 < 
i,j,k < 3. 

Next, we give some simple properties for symmetric Novikov algebras as fol- 
lows: 
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Proposition 4.29. Let ^be a symmetric non-commutative Novikov algebra. If 9T 
is reduced then 

3 < dim(Ann(ai)) < dim(ai9I) < dim(ai) - 3. 

Proof. By Lemma |4.24[ C C(^). Moreover, non-commutative implies that 
q{% is non-Abelian and by IIPU07L dim ([01,5^]) > 3. Therefore, dimC(9T) < 
dim(ai) - 3 since C{% = [01,91]^. Consequently, dim(Oiai) < Aim{% - 3 and 
thendim(Ann(9T)) > 3. □ 

Corollary 4.30. Let be a symmetric non-commutative Novikov algebra of di- 
mension 7.1f^ is 2 -step nilpotent then ^ is not reduced. 

Proof. Assume that ^Jl is reduced then dim (Ann (5^1)) = 3 and dim(9T9I) = 4. It 
implies that there must have a nonzero element x € such that 7^ {0} and 
then ^ is not 2-step nilpotent. □ 

Now, we give a more general result for symmetric Novikov algebra of dimension 
7 as follows: 

Proposition 4.31. Let ^be a symmetric non-commutative Novikov algebra of di- 
mension 7.1f^ is reduced then there are only two cases: 

(1) '^is 3 -step nilpotent and indecomposable. 

(2) is decomposable by^ = Cx(B OTg, where x —x and 9^6 is a symmetric 
non- commutative Novikov algebra of dimension 6. 

Proof. Assume that is reduced then dim(Ann(9T)) = 3, dim(9^9T) = 4 since 
Ann(9T) C and Ann(9T) = (0101)-^. By ||Bou59l . Ann(ai) is totally isotropic, 
then there exist a totally isotropic subspace V and a nonzero xof^ such that 

01 = Ann(ai)eC;ceV, 

where Ann(9T) © V is non-degenerate, B{x,x) ^ and x^ = Ann(CR) (BV. As a 
consequence, Ann(ai) © & = (Ann(aT))^ = OIOI. 

Consider the left-multiplication operator L^ : Cx®V ^ Ann (51) (BCx, Lj{y) = 
xy, MyeCx® V. Denote by p the projection Ann(51) ®Cx^ Cx. 

• IfpoL;^- = Othen (0101)91 = a;9T C Ann (01). Therefore, ((0101)01)01 = {0}. 
That implies 01 is 3-nilpotent. If 01 is decomposable then 01 must be 2-step 
nilpotent. This is in contradiction to Corollary 14.301 

• If 7? o Ljc 7^ then there is a nonzero v G & © V such that xy = ax + z with 
7^ a G C and z G Ann(Ot). In this case, we can choose y such that a = 1. 
It implies that {x^)y = x{xy) = x^. 

\fx^ = then = B{x^ ,y) = B{x^xy) = B{x,x). This is a contradiction. 
Therefore, x^ ^ 0. Since x^ G Ann (01) © Cx then x^ = z' + jJix, where z' G 
Ann(Ot) and /i G C must be nonzero. By setting x' := ^ and z" = we 
get {x'Y = z" +x' . Let x\ := {x'Y, one has: 

x\ = {x'fix'f = {z!' + xW+^) =Xl. 
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Moreover, for all t = Xx + v ^ Cx (BV , we have t{x'^) = {x^)t = x{xt) = 
Xjl{x^). It implies that Cx^ = Cxi is an ideal of 9T. 

Since B{xi,x\ ) / 0, by Lemma |43] one has = Cx\ © {x\)^. Certainly, 
{x\)^ is a symmetric non-commutative Novikov algebra of dimension 6. 

□ 

Proposition 4.32. Let ^ be a symmetric Novikov algebra. If q{^) or 5(91) is 
reduced then 91 is reduced. 

Proof. Assume that 9T is not reduced then there is a nonzero x € Ann (91) such that 
B{x,x) = 1. Since [x, 91] = [x,9T]+ = then g(9I) and 5(91) are not reduced. □ 

Corollary 4.33. Let ^ be a symmetric Novikov algebra. If q{^) is reduced then 
91 fnust be 2-step nilpotent 

Proof Since q{% is reduced then Ann(9I) C 9I9I. On the other hand, dim(C(9I)) = 
dim([9I,9I]) = ^dim(9I) so dim(Ann(9I)) = dim(9I9I). Therefore, Ann(9I) = 
9T9T and 91 is 2-step nilpotent. □ 

Example 4.34. By Example 14.21 every 2-step nilpotent algebra is Novikov then 
we will give here an example of symmetric non-commutative Novikov algebras of 
dimension 7 which is 3-step nilpotent. Let 91 = Cx©9l6 be a 7-dimensional vector 
space, where 9X6 is the symmetric Novikov algebra of dimension 6 in Example 
14.261 Define the product on 91 by 

= e^X = ^1,^4^4 = X,e4e5 = ^3,^5^6 = ^1,^6^4 = ^2, 

and the symmetric bilinear form B defined by 

5(x,x) =B{e\,e4) =B{e2,es) =B{ez,e(,) = 1 
B{e^,e\) =B{e5,e2) = B{e(,,ei) = 1, 
otherwise. 

Note that in above Example, 0(91) is not reduced since x € C(9I). 

5. Appendix 

Lemma 5.1. Let iy,B) be a quadratic vector space, C be an invertible endomor- 
phism ofV such that 

(1) B{C{x),y)=B{x,C{y)),yx,yeV. 

(2) 3C - 2C^ = Id 

Then there is an orthogonal basis {ei,...,e„} of B such that C is diagonalizable 
with eigenvalues 1 and ^. 

Proof. Firstly, one has (2) equivalent to C(C — Id) = ^ (C — Id). Therefore, if x is a 
vector in V such that C(x) — x / then C(x) — x is an eigenvector with respect to 
eigenvalue ^. We prove the result by induction on dim(V). If dim(y) = 1, let {e} 
be a orthogonal basis of V and assume C{e) = Xe for some A G C. Then by (2) one 
has A = 1 or A = ^ . 
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Assume that the result is true for quadratic vector spaces of dimension n,n> 1. 
Assume dim(y) = n + \. If C = Id then the result follows. If C 7^ Id then there 
exists X such that C{x) —x^O. Let ei := C{x) —x then C{ei) = ^ei. 

If B{ei,ei) = then there is ^2 S ^ such that 6(^2,^2) = 0, B{e\,e2) = 1 and V = 

span{ei,e2} © Vi, where Vi = span{ei,e2} . Since ^ =B{C{e\),e2) =B{e\^C{e2)) 
one has C{e2) = 5^2 + x + fie\, where G Vi,j8 G C. Let f\ := €{62) — 62 = 
-\e2+x + ^ei then C(/i) = i/i and = -\. If / then let 

e\ := /i- If B{fi,fi) = then let ei := In the both cases, we have 

B{ei,ei) 7^ and C{ei) = je\. Let V = Ce\ © ef then is non-degenerate, C 
maps into itself. Therefore the result follows the induction assumption. □ 
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